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Abstract
This paper is concerned with time decay rates of the weak solutions of an incompressible non-Newtonian
fluid motion model in half spaces Rn+ for n 3. With the use of the spectral decomposition of the Stokes
operator and Lp −Lq estimates, it is shown that the weak solutions decay in L2 norm like t− n2 ( 1r − 12 ) when
the initial velocity u0 ∈ L2 ∩ Lr for 1  r < 2. The higher decay rates t−
n
2 (
1
r
− 12 )− 12 are obtained, if u0
satisfies the additional moment condition∫
Rn+
∣∣xnu0(x)∣∣rdx < ∞, 1 < r  2.
Moreover, the error estimates between the non-Newtonian flow and the Navier–Stokes flow are discussed.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Consider the viscous incompressible fluid motion governed by the following momentum and
continuity equations:
∂tu + (u · ∇)u − ∇ · τ + ∇π = 0 in Rn+ × (0,∞), (1.1)
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together with the boundary and initial conditions
u = 0 on ∂Rn+ × (0,∞), (1.3)
u = u0 on Rn+ × {0}. (1.4)
Here the half space Rn+ = {x = (x1, . . . , xn−1, xn) ∈ Rn; xn > 0} with n 3, the gradient ∇ =
(∂x1 , . . . , ∂xn), the unknowns u = (u1, . . . , un) and π denote the velocity and pressure of the fluid
motion, the stress tensor τ = (τij ) is specified as
τij = 2
(
μ0 + μ1
∣∣e(u)∣∣p−2)eij (u), (1.5)
for the viscosities μ0 > 0 and μ1  0, where the symmetric deformation velocity tensor e(u) =
(eij (u)) and
eij (u) = 12
(
∂ui
∂xj
+ ∂uj
∂xi
)
. (1.6)
When μ1 = 0, the Stokes Law
τij = 2μ0eij (u) (1.7)
holds true. The fluids, such as water and alcohol, satisfying the linear equation expressed by
(1.7) are said to be Newtonian, and (1.1) turns out to be the Navier–Stokes equations (see, for
example, [15,23]), whereas the fluids, such as the molten plastics, dyes, adhesives, paints and
greases, subject to the nonlinear constitutive equation expressed by (1.5) with μ1 > 0 are said
to be non-Newtonian. Equations (1.1)–(1.6) with μ1 > 0 were proposed by Ladyzhenskaya [15]
and are known as the Ladyzhenskaya equations. Equation (1.5) is defined by the physical nature
of the fluids, which are known as Ellis fluids when p > 2 (see [6, Chapter 2]). Additionally, the
fluids are shear thinning if p < 2 and shear thickening if p > 2 (when p = 2, the system becomes
the Navier–Stokes equations).
There is an extensive literature on the large time behavior of the viscous incompressible fluid
flows. As for the Navier–Stokes equations, the decay problem of weak solutions was proposed
in the celebrated work of Leray [17]. Schonbek [22] introduced Fourier splitting method and ob-
tained time decay rates with respect to the whole spaces Rn. This method was further developed
by Wiegner [25]. Borchers and Miyakawa [7] provided spectral decomposition approach of the
Stokes operator and derived time decay rates in related to the half spaces Rn+. By borrowing the
spectral decomposition approach, Bae and Choe [2] gave an extended study of the time decay
problem with the additional moment condition on u0.
For the non-Newtonian fluid motions, the existence of weak solutions was obtained by La-
dyzhenskaya [16] and Lions [18] for p  1+ 2n
n+2 . Further study on the existence and uniqueness
problem in bounded domains was given by Du and Gunzburger [10]. Pokorny [21] investigated
this non-Newtonian model in Rn. Bae and Choe [1] focused on the existence, regularity and de-
cay rates of Young measure solutions in bounded domains. Beirão da Veiga [3] and Guo and Zhu
[13] examined the regularity of weak solutions. One may also consult with Bellout et al. [4,5]
and Málek et al. [19] for a study on the nonlinear multipolar viscous fluids. Moreover, based on
the Fourier splitting method, the decay rates of the non-Newtonian fluid flows in Rn were derived
by Neca˘sová and Penel [20] in the form
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L2  c
(
ln(e + t))−m, m ∈ N, n = 2,∥∥u(t)∥∥
L2  c(1 + t)−
1
4 , n = 3,
assuming u0 ∈ L1(Rn) ∩ L2(Rn). With the aid of Wiegner’s approach [25], this result was im-
proved by Guo and Zhu [12] as∥∥u(t)∥∥
L2  ct
− n2 ( 1r − 12 ), n 2,∥∥u(t) − etu0∥∥L2 → 0, t → ∞.
By developing the Fourier splitting method, the optimal algebraic decay rate in R2 is derived
(see Dong and Li [9]) as∥∥u(t)∥∥
L2  c(1 + t)−
1
2 ,
∥∥u(t) − etu0∥∥L2  c(1 + t)− 34 , ∀t > 0, (1.8)
for u0 ∈ L2(R2) ∩ L1(R2).
However, not much work on the time decay problem in half spaces is known to the authors.
The present paper focuses on the time decay problem with respect to the non-Newtonian fluid
flows in Rn+, in which the Fourier splitting method is not applicable due to the occurrence of
(p − 1)-growth dissipative potential (p  3) described by (1.5). By using the Lp −Lq estimates
of the Stokes flow in Rn+ given by Ukai [24] (see also Bae and Choe [2] and Giga et al. [11]) and
the spectral decomposition method and fractional powers of the Stokes operator in Rn+ derived
by Borchers and Miyakawa [7], we obtain that the weak solution u(t) of (1.1)–(1.6) enjoys the
optimal algebraic decay estimates∥∥u(t)∥∥
L2  ct
− n2 ( 1r − 12 ),∥∥u(t)∥∥
L2  ct
− n2 ( 1r − 12 )− 12 when
∫
Rn+
∣∣xnu0(x)∣∣r dx < ∞
⎫⎬
⎭ (1.9)
for u0 ∈ L2 ∩ Lr .
To understand the asymptotic behavior relation between the non-Newtonian flow u(t) and the
Newtonian flow u˜(t) (or the Navier–Stokes flow described by (1.1)–(1.6) with p = 2), we show
that the optimal algebraic decay estimates expressed by (1.9) with u(t) replaced by u(t) − u˜(t)
remain true. In the study of the non-Newtonian fluid motion system, it is crucial to control non-
linear viscous term ∇ · (|e(u)|p−2e(u)). When p  3, this nonlinear term can be bounded by the
energy estimate of (1.1)–(1.6) with the aid of some techniques. However, for the case 2 < p < 3,
this approach is failed and the time decay problem of (1.1)–(1.6) remains unsolved.
This paper is organized as follows. In Section 2 we state definition of weak solutions and
preliminary lemmas. Decay estimates with respect to the non-Newtonian flow are derived in
Section 3. The decay estimates with respect to the error of the non-Newtonian and Newtonian
flows u(t) − u˜(t) are discussed in Section 4.
2. Preliminaries
Let ‖ · ‖q = ‖ · ‖Lq (‖ · ‖ = ‖ · ‖2) be the norm of the Lebesgue space Lq(Rn+) and
‖·‖m,q = ‖·‖Wm,q be the norm of the Sobolev space Wm,q(Rn+). The space Lqσ (Rn+)n denotes the
Lq -closure of C∞0,σ (R
n+)n, which is the set of smooth divergence-free vector fields with compact
supports in Rn+. The space W
1,q
(Rn+)n denotes the closure of C∞ (Rn+)n in W 1,q(Rn+)n. c > 0,0,σ 0,σ
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data u0.
Without loss of generality, we assume that μ0 = μ1 = 1 in (1.5). Substitution of (1.5) into
(1.1) produces
ut − u + (u · ∇)u − ∇ ·
(∣∣e(u)∣∣p−2e(u))+ ∇π = 0. (2.1)
By a weak solution of the initial and boundary value problem (1.2)–(1.4), (2.1) for n  3 and
p  3 (see Ladyzhenskaya [16] and Lions [18]), we mean a vector field
u ∈ Lp(0, T ;W 1,p0,σ (Rn+)n)∩ L∞(0, T ;L2σ (Rn+)n)∩ L2(0, T ;W 1,20,σ (Rn+)n) (T > 0)
satisfying
0 =
∫
Rn+
u(t) · ϕ(t) dx −
t∫
0
∫
Rn+
u · ∂ϕ
∂s
dx ds +
t∫
0
∫
Rn+
uj
∂ui
∂xj
ϕi dx ds
+
t∫
0
∫
Rn+
(
1 + ∣∣e(u)∣∣p−2)eij (u) · eij (ϕ) dx ds −
∫
Rn+
u0 · ϕ(0) dx (2.2)
for every ϕ ∈ C∞([0,∞);C∞0,σ (Rn+)n) vanishing near t = ∞.
The weak solution u satisfies the following energy inequality (see Ladyzhenskaya [16]):
1
2
d
dt
∫
Rn+
|u|2 dx +
∫
Rn+
|∇u|2 dx +
∫
Rn+
|∇u|p dx  0. (2.3)
Although it is well known that the weak solution of (1.2)–(1.4), (2.1) exists globally, we need ad-
ditional smoothness in the derivation of the decay estimates in the present paper. More precisely,
we are interested in a class of weak solutions, which are approximated by the smooth solutions
of the following smooth and linearized modification system of (1.2)–(1.4), (2.1):
∂uk
∂t
+ (wk · ∇)uk − uk − ∇ · (|e(wk)|p−2e(uk)) + ∇π = 0,
∇ · uk = 0,
uk(x,0) = u0(x).
⎫⎪⎬
⎪⎭ (2.4)
Here u¯k is the zero extension of the function uk , and wk is defined as
wk(x, t) = δ−n−1
∫ ∫
ψ
(
y
δ
,
s
δ
)
u¯k(x − y, t − s) dy ds, k = T
δ
,
where ψ ∈ C∞0 ((0,∞) × Rn+) satisfies
ψ  0,
∫ ∫
ψ dx dt = 1 and suppψ ⊂ {(x, t); |x|2 < t, 1 < t < 2}.
It is noted that wk(t) depends only on the values of uk(τ ) with τ ∈ (t − 2δ, t − δ). Thus for a
fixed value δ, Eq. (2.4) is linear on each strip Rn+ × (mδ, (m + 1)δ) for 0m k − 1.
Similar to the Navier–Stokes equations (see Caffarelli, Kohn and Nirenberg [8]), the smooth
approximated solutions uk converge to a weak solution u of (1.2)–(1.4), (2.1) (see [13,19]), and
there is a subsequence denoted also by uk satisfying
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(
Rn+ × (0,∞)
)
, (2.5)
which implies∥∥u(t)∥∥ lim inf
k→∞
∥∥uk(t)∥∥. (2.6)
That is, the bound ‖uk(t)‖  g(t) for a function g yields the bound ‖u(t)‖  g(t). Therefore,
instead of studying decay properties of the weak solution u, we need only examine the decay
properties of the smooth approximate solutions uk uniformly with respect to k. For convenience,
this observation enables us to suppose that the weak solution of (1.2)–(1.4), (2.1) is smooth, since
the original system and the modified system are the same in nature in the study of the L2-decay
problem.
Let us commence the abstract formulation of (1.2)–(1.4), (2.1),
ut + Au + B(u) = 0, u(0) = u0, (2.7)
where A is the Stokes operator
Au = −Pu for u ∈ D(A) ≡ W 2,q(Rn+)n ∩ W 1,q0,σ (Rn+)n,
and the nonlinear operator
B(u) = P(u · ∇)u − P∇ · (∣∣e(u)∣∣p−2e(u)).
Here P is the orthogonal projection mapping Lq(Rn+)n onto Lqσ (Rn+)n (see, for example,
Ukai [24]).
Following Borchers and Miyakawa [7], we use the spectral decomposition of the Stokes op-
erator and its fractional powers
A =
∞∫
0
λdE(λ) and Aα =
∞∫
0
λα dE(λ), α > 0. (2.8)
Let us now recall some preliminary results.
Lemma 2.1 (Borchers and Miyakawa [7, Theorem 3.6]). Let 1 < r < ∞, α > 0 and 0 < 1
q
≡
1
r
− 2α
n
 1. Then
n∑
i,j=1
‖∂xi ∂xj u‖r  c‖Au‖r , ‖∇u‖r  c
∥∥A 12 u∥∥
r
, ‖u‖q  c
∥∥Aαu∥∥
r
,
provided that the right-hand side terms are finite.
Lemma 2.2 (Bae and Choe [2], Borchers and Miyakawa [7] and Ukai [24]). Let either 1 < r 
q < ∞ or 1 r < q ∞ and u ∈ L2σ ∩ Lr . Then we have the Lr − Lq estimate∥∥∇ke−Atu∥∥
q
 ct−
k
2 − n2 ( 1r − 1q )‖u‖r , k  0, (2.9)
and the modified Lr − Lq estimate
∥∥e−Atu∥∥
q
 ct−
n
2 (
1
r
− 1
q
)− 12
( ∫
Rn+
∣∣xnu(x)∣∣r dx
) 1
r
(1 < r,q < ∞), (2.10)
where e−At denotes the analytic semigroup generated by the Stokes operator A (see Ukai [24]).
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duce an estimate of the nonlinear operator B(u).
Lemma 2.3. Suppose that u is a weak solution of (2.7). Then∥∥E(λ)B(u)∥∥ c‖u‖2λn+24 + c‖∇u‖p−1p−1λn+24 (λ > 0).
Proof. Integrating by parts and using the Gagliardo–Nirenberg inequality (see, for example,
[14]), we have for v ∈ C∞0,σ (Rn+)n,∣∣(E(λ)B(u), v)∣∣= ∣∣(E(λ)[P(u · ∇)u − P∇ · (∣∣e(u)∣∣p−2e(u))], v)∣∣
= ∣∣([P(u · ∇)u − P∇ · (∣∣e(u)∣∣p−2e(u))],E(λ)v)∣∣

∣∣(u, (u · ∇)E(λ)v)∣∣+ ∣∣(∣∣e(u)∣∣p−2e(u),∇E(λ)v)∣∣
 c‖u‖2∥∥∇E(λ)v∥∥∞ + c‖∇u‖p−1p−1∥∥∇E(λ)v∥∥∞
 c
(‖u‖2 + ‖∇u‖p−1p−1)∥∥∇E(λ)v∥∥ 122n
n∑
i,j=1
∥∥∂xi ∂xj E(λ)v∥∥ 122n.
By Lemma 2.1, this is bounded by
c
(‖u‖2 + ‖∇u‖p−1p−1)∥∥A 12 E(λ)v∥∥ 122n∥∥AE(λ)v∥∥ 122n
 c
(‖u‖2 + ‖∇u‖p−1p−1)(‖A 12 + n−14 E(λ)v∥∥∥∥A1+ n−14 E(λ)v∥∥) 12
 c
(‖u‖2 + ‖∇u‖p−1p−1)(λn+14 ‖v‖λn+34 ‖v‖) 12
= c(‖u‖2 + ‖∇u‖p−1p−1)λn+24 ‖v‖.
We thus have the desired assertion and complete the proof. 
3. Decay estimates of the non-Newtonian flows
As is well known that the weak solutions of Navier–Stokes equations have the optimal decay
estimates in half spaces (see [2,7]), in this section, we show that the non-Newtonian flow has the
same optimal decay estimates with the Newtonian flow. The results read as follows.
Theorem 3.1. Suppose that u is a weak solution of (2.7). Then
(i) limt→∞ ‖u(t)‖ = 0, whenever u0 ∈ L2σ ,
(ii) ‖u(t)‖ ct− n2 ( 1r − 12 ) for t  1, whenever u0 ∈ L2σ ∩ Lr (1 r < 2).
Theorem 3.2. Suppose that u is a weak solution of (2.7), u0 ∈ L2σ ∩ Lr for 1 < r  2. Then,
for t  1,∥∥u(t)∥∥ ct− n2 ( 1r − 12 )− 12 , whenever ∫
Rn+
∣∣xnu0(x)∣∣r dx < ∞.
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and Miyakawa [7] and using the modified Lr − Lp estimates of Bae and Choe [2].
Proof of Theorem 3.1. Note that ‖∇u‖ = ‖A 12 u‖. It follows from the energy inequality ex-
pressed by (2.3) that
d
dt
∥∥u(t)∥∥2 + 2∥∥A 12 u(t)∥∥2  0.
To derive a lower bound of the second term on the left-hand side of the previous inequality, we
use (2.5) to produce, for ρ > 0,
∥∥A 12 u(t)∥∥2 =
∞∫
0
λd
∥∥E(λ)u(t)∥∥2 
∞∫
ρ
λd
∥∥E(λ)u(t)∥∥2  ρ
∞∫
ρ
d
∥∥E(λ)u(t)∥∥2
 ρ
2
(∥∥u(t)∥∥2 − ∥∥E(ρ)u(t)∥∥2). (3.1)
Hence we have
d
dt
∥∥u(t)∥∥2 + ρ‖u‖2  ρ∥∥E(ρ)u(t)∥∥2. (3.2)
To estimate the right-hand side of (3.2), we consider the integral form of (2.7),
u(t) = e−tAu0 +
t∫
0
e−(t−s)AB(u)ds,
which is derived from (2.2) by choosing the test function ϕ(t) = e−Atu0. Applying the operator
E(ρ) to the both sides of this integral equation and integrating by parts, we obtain
E(ρ)u(t) = E(ρ)e−tAu0 +
t∫
0
ρ∫
0
e−λ(t−s)d
(
E(λ)B(u)
)
ds
= E(ρ)e−tAu0 +
t∫
0
e−ρ(t−s)
(
E(ρ)B(u)
)
ds
+
t∫
0
(t − s)
( ρ∫
0
e−λ(t−s)E(λ)B(u)dλ
)
ds.
This together with Lemma 2.3 implies
∥∥E(ρ)u(t) − E(ρ)e−tAu0∥∥ cρ n+24
t∫
0
e−ρ(t−s)
(‖u‖2 + ‖∇u‖p−1p−1)ds
+ cρ n+24
t∫
0
(t − s)
{ ρ∫
0
e−λ(t−s)
(‖u‖2 + ‖∇u‖p−1p−1)dλ
}
ds
 cρ n+24
t∫ (‖u‖2 + ‖∇u‖p−1p−1)ds.0
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∇u ∈ L2(0,∞;L2(Rn+)n)∩ Lp(0,∞;Lp(Rn+)n) (p  3),
and so, by the Hölder inequality,
( ∞∫
0
‖∇u‖p−1p−1 ds
)1/(p−1)

( ∞∫
0
‖∇u‖θ(p−1)2 ‖∇u‖(1−θ)(p−1)p ds
)1/(p−1)

( ∞∫
0
‖∇u‖22 ds
)θ/2( ∞∫
0
‖∇u‖pp ds
)(1−θ)/p
 c (3.3)
for
1
p − 1 =
θ
2
+ 1 − θ
p
.
Hence, we have
∥∥E(ρ)u(t)∥∥ ∥∥e−tAu0∥∥+ cρ n+24
t∫
0
∥∥u(t)∥∥2 ds + cρ n+24 . (3.4)
This together with (3.2) and the energy inequality ‖u(t)‖ ‖u0‖ implies
d
dt
∥∥u(t)∥∥2 + ρ∥∥u(t)∥∥2  cρ(∥∥e−tAu0∥∥2 + ρ n+22 t2 + cρ n+22 ) (3.5)
for all ρ > 0. Now let ρ = αt−1 with α to be chosen afterwards and multiply both sides above
by tα to obtain
d
dt
(
tα
∥∥u(t)∥∥2) ctα−1(α∥∥e−tAu0∥∥2 + α n+42 t1− n2 + α n+42 t− n+22 ).
Choosing α so that α − n2 − 1 > 0 and integrating with respect to t , we have
∥∥u(t)∥∥2  cαt−α
t∫
0
sα−1
∥∥e−sAu0∥∥2 ds + cα
n+4
2 t− n−22 + cα n+42 t− n+22
α − 1 − n2
. (3.6)
Since n 3 and ‖e−tAu0‖2 → 0 as t → ∞, we conclude that ‖u(t)‖ → 0 as t → ∞ and com-
plete the proof of assertion (i).
Now we carry out the proof of assertion (ii). It follows from (3.6) with α = n and Lemma 2.2
that ∥∥u(t)∥∥2  c(t−( nr − n2 )‖u0‖2r + t− n−22 + t− n+22 ). (3.7)
Since n
r
− n2 < n+22 , the desired assertion is obtained if nr − n2  n−22 . It remains to consider the
case n
r
− n2 > n−22  12 . Hence (3.7) implies that∥∥u(t)∥∥2  ct− 12 . (3.8)
828 B.-Q. Dong, Z.-M. Chen / J. Math. Anal. Appl. 324 (2006) 820–833Substitution of this equation into (3.4) and then into (3.2) gives
d
dt
∥∥u(t)∥∥2 + ρ∥∥u(t)∥∥2  c(ρt−( nr − n2 )‖u0‖2r + ρ n+42 t + ρ n+42 ).
Let ρ = nt−1 and then multiply the both sides of this equation by tn to get
d
dt
(
tn‖u‖2) c(tn−1−( nr − n2 ) + t n−22 + t n−42 ).
Since 1 r < 2 implies n
r
− n2  n2 , we have∥∥u(t)∥∥2  c(t−( nr − n2 ) + t− n2 + t− n+22 ) ct−( nr − n2 ) (3.9)
for t  1, and complete the proof of Theorem 3.1. 
Proof of Theorem 3.2. By (3.2), (3.4), we have
d
dt
∥∥u(t)∥∥2 + ρ∥∥u(t)∥∥2  cρ∥∥e−tAu0∥∥2 + cρ n+42
{
1 +
( t∫
0
‖u‖2 ds
)2}
. (3.10)
Letting ρ = αt−1 and multiplying both sides above by tα yield
d
dt
(
tα
∥∥u(t)∥∥2) ctα
{
t−(
n
r
− n2 )−2 + t− n+42
( t∫
0
‖u‖2 ds
)2
+ t− n+42
}
, (3.11)
where we have used Lemma 2.2 and the assumption∫
Rn+
∣∣xnu0(x)∣∣r dx < ∞.
Choosing α suitable large and integrating with respect to t , we get
∥∥u(t)∥∥2  ct−( nr − n2 )−1 + ct− n+22
( t∫
0
∥∥u(s)∥∥2 ds
)2
(t  1). (3.12)
By Theorem 3.1(ii) and the energy estimate ‖u(t)‖ ‖u0‖, we have∥∥u(t)∥∥ c(1 + t)− n2 ( 1r − 12 ).
If n2 (
1
r
− 12 ) > 12 , we have
∫ t
0 ‖u(s)‖2 ds  c. Substituting this equation into (3.10) yields∥∥u(t)∥∥2  ct−( nr − n2 )−1 + ct− n+22  ct−( nr − n2 )−1 (t  1).
If n2 (
1
r
− 12 ) = 12 , Eq. (3.10) implies∥∥u(t)∥∥2  ct−( nr − n2 )−1 + ct− n+22 (ln(1 + t))2  ct−( nr − n2 )−1 (t  1).
Similarly, for the remaining case n2 (
1
r
− n2 ) < 12 , we have∥∥u(t)∥∥2  ct−( nr − n2 )−1 + ct−( 2nr − 12 −1)  ct−( nr − n2 )−1 (t  1)
due to n 3 and 1 < r  2. The proof of Theorem 2.2 is completed. 
B.-Q. Dong, Z.-M. Chen / J. Math. Anal. Appl. 324 (2006) 820–833 8294. Difference between the non-Newtonian and Newtonian flows
Recalling that u(t) denotes weak solution of the non-Newtonian system (1.1)–(1.6) with
μ0 = μ1 = 1, we let u˜ denote the weak solution of the Newtonian system (1.1)–(1.6) with μ0 = 1
and μ1 = 0.
The results read as follows.
Theorem 4.1. Let u0 ∈ L2σ . Then
(i) ‖u(t) − u˜(t)‖ ct− n8 − 14 for t  1,
(ii) limt→∞ t n2 ( 1r − 12 )‖u(t) − u˜(t)‖ = 0, whenever u0 ∈ Lr (1 r < 2).
Theorem 4.2. Let u0 ∈ L2σ ∩ Lr(Rn+)n for 1 < r  2 and∫
Rn+
∣∣xnu0(x)∣∣r dx < ∞.
Then
(i) ‖u(t) − u˜(t)‖ ct− n8 − 12 (t  1, r = 2),
(ii) limt→∞ t n2 ( 1r − 12 )+ 12 ‖u(t) − u˜(t)‖ = 0 (1 < r < 2).
Proof of Theorem 4.1. Note that the estimates of Theorem 4.1 with u(t) − u˜(t) replaced by
e−Atu0 − u˜(t) hold true (see Borchers and Miyakawa [7]). Thus from the inequality∥∥u(t) − u˜(t)∥∥ ∥∥e−tAu0 − u˜(t)∥∥+ ∥∥e−tAu0 − u(t)∥∥,
it becomes to prove the validity of the estimates of Theorem 4.1 with u(t) − u˜(t) replaced by
e−Atu0 − u(t).
Indeed, for w(t) = u(t) − v(t) with v(t) = e−tAu0, we have
wt + Aw = −P(u · ∇)u + P∇ ·
(∣∣e(u)∣∣p−2e(u))= −B(u). (4.1)
Taking the scalar product of (4.1) with w yields formally that
d
dt
∥∥w(t)∥∥2 + 2∥∥A 12 w(t)∥∥2 = 2B(u, v), (4.2)
where
B(u, v) = −(P(u · ∇)u,w)− (P (∣∣e(u)∣∣p−2e(u)),∇w)
= ((u · ∇)w,w + v)+ (∣∣e(u)∣∣p−2e(u),∇v)− ‖∇u‖pp
= ((u · ∇)w,v)+ (∣∣e(u)∣∣p−2e(u),∇v)− ‖∇u‖pp.
Here we have used ((u · ∇)w,w) = 0. Equation (4.2) makes sense whenever the nonlinear term
B(u, v) is integrable with respect to t > 0. The integrability is implied from the energy inequality
(2.3) and the following result:
2
∣∣((u · ∇)w,v)+ (∣∣e(u)∣∣p−2e(u),∇v)∣∣
 2‖u‖‖∇w‖‖v‖∞ + 2‖∇u‖p−1‖∇v‖∞p−1
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
∥∥A 12 w∥∥2 + ‖u‖2‖v‖2∞ + 2‖∇u‖p−1p−1‖∇v‖∞.
Thus (4.2) implies
d
dt
‖w‖2 + ∥∥A 12 w∥∥2  ‖u‖2‖v‖2∞ + 2‖∇u‖p−1p−1‖∇v‖∞. (4.3)
By Lemma 2.2, we see that∥∥v(t)∥∥∞  ct− n2r ‖u0‖r and ∥∥∇v(t)∥∥∞  ct− n2r − 12 ‖u0‖r .
Thus from (4.3) we have
d
dt
‖w‖2 + ∥∥A 12 w∥∥2  ct− nr ‖u0‖2r‖u‖2 + ct− n2r − 12 ‖u0‖r‖∇u‖p−1p−1. (4.4)
By the proof of (3.1), we have∥∥A 12 w∥∥2  ρ(‖w‖2 − ∥∥E(ρ)w∥∥2), ∀ρ > 0,
which implies, by (4.4),
d
dt
‖w‖2 + ρ‖w‖2  ρ∥∥E(ρ)w∥∥2 + ct− nr ‖u0‖2r‖u‖2
+ ct− n2r − 12 ‖u0‖r‖∇u‖p−1p−1. (4.5)
In order to estimate the first term on the right-hand side of this equation, we consider the integral
equation of (4.1),
w(t) = −
t∫
0
e−(t−s)AB(u)ds.
Applying the operator E(ρ) to the both sides of this equation and using Lemma 2.3 yield
∥∥E(ρ)w(t)∥∥ cρ n+24
t∫
0
∥∥u(s)∥∥2 ds + cρ n+24 . (4.6)
The substitution of this equation into (4.5) gives
d
dt
∥∥w(t)∥∥2 + ρ∥∥w(t)∥∥2  cρ n+42
( t∫
0
∥∥u(s)∥∥2 ds
)2
+ ct− nr ‖u0‖2r
∥∥u(t)∥∥2
+ cρ n+42 + ct− n2r − 12 ‖u0‖r‖∇u‖p−1p−1. (4.7)
Multiplying the both sides of (4.7) with r = 2 by tα and letting ρ = αt−1 for α > n2 + 2, we have
d
dt
(
tα‖w‖2) ctα− n2 −2
( t∫
0
‖u‖2 ds
)2
+ ctα− n2 −2
+ ctα− n2 ‖u‖2 + ctα− n4 − 12 ‖∇u‖p−1.p−1
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∥∥w(t)∥∥2  ct1− n2
{(
t−1
t∫
0
‖u‖2 ds
)2
+ t−1
t∫
0
‖u‖2 ds
}
+ ct− n2 −1 + ct− n4 − 12
 ct− n4 − 12 (t  1). (4.8)
Thus we obtain Theorem 4.1(i).
To prove Theorem 4.1(ii), we begin with restriction n
r
− n2 < 1. By Theorem 3.1, we have∥∥u(t)∥∥ ct− n2 ( 1r − 12 ), 1 r < 2.
Hence (4.7) gives
d
dt
‖w‖2 + ρ‖w‖2  cρ n+42 (t2− 2nr +n + 1)+ ct− 2nr + n2 +ct− n2r − 12 ‖∇u‖p−1p−1. (4.9)
In the same way as the derivation of (4.8), we let ρ = αt−1 for a suitable large constant α > 0,
and multiply (4.9) by tα to obtain∥∥w(t)∥∥2  ct1+ n2 − 2nr + ct− n2 −1 + ct1−( 2nr − n2 ) + ct− n2r − 12
 ct− n2r − 12 (t  1), (4.10)
by making use of (3.3) and the condition n
r
− n2 < 1.
Next, we consider the case n
r
− n2 = 1. The energy inequality ‖u(t)‖  ‖u0‖ and Theo-
rem 3.1(ii) imply that∥∥u(t)∥∥2  c(1 + t)−1. (4.11)
Similar to the derivation of (4.10), we use (3.3, 4.7, 4.11) to obtain∥∥w(t)∥∥2  ct− n2 −1(ln(1 + t))2 + ct− n2 −1 + ct− nr + 2t− n2r − 12
 ct− n2r − 12 (t  1).
Finally, we consider the case n
r
− n2 > 1. Following the same way as in the proof of (4.11), we
have
∥∥u(t)∥∥2  c(1 + t)−( nr − n2 ) and
t∫
0
∥∥u(s)∥∥2 ds  c.
Thus after similar manipulation, we obtain from (4.7) that∥∥w(t)∥∥2  ct− n2 −1 + ct− n2 −1 + ct−( 2nr − n2 ) + 2t− n2r − 12  ct− n2r − 12 (t  1).
Since n2r + 12 > nr − n2 for 1 r < 2, we have
lim
t→∞ t
n
2 (
1
r
− 12 )
∥∥w(t)∥∥= 0.
The proof of Theorem 4.1 is completed. 
Proof of Theorem 4.2. Similar to the proof of Theorem 4.1, by using the decay result of the
Newtonian flow derived by Bae and Choe [2], it becomes to demonstrate the validity of the decay
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v(t) = e−tAu0. By the assumption
∫
Rn+ |xnu0(x)|r dx < ∞ and Lemma 2.2, Eq. (4.3) yields
d
dt
‖w‖2 + ∥∥A 12 w∥∥2  ct− nr −1‖u‖2 + ct− n2r −1‖∇u‖p−1p−1.
When u0 ∈ L2σ ∩ Lr(Rn+)n for r = 2, we follow the derivation of (4.8) to obtain
‖w‖2  ct− n2 −1
( t∫
0
‖u‖2 ds
)2
+ t− n2 −1 + t−α
t∫
0
sα−
n
r
−1∥∥u(s)∥∥2 ds + t− n4 −1.
By Theorem 3.2, we see that∥∥u(t)∥∥ ct− 12 and ∥∥u(t)∥∥ ‖u0‖,
which imply∥∥u(t)∥∥ c(1 + t)− 12 ,
and thus∥∥w(t)∥∥2  ct− n2 −1(ln(1 + t))2 + ct− n2 −1 + ct− nr −1 + ct− n4 −1  ct− n4 −1 (t  1).
When u0 ∈ L2σ ∩ Lr for 1 < r < 2, we use Theorem 3.2 to obtain∥∥u(t)∥∥ ct− n2 ( 1r − 12 )− 12 .
Thus the proof of Theorem 4.1(ii) implies that, for t  1,
∥∥w(t)∥∥2  ct− n2 −1
( t∫
0
‖u‖2 ds
)2
+ t− n2 −1 + t−α
t∫
0
sα−
n
r
−1‖u‖2 ds + t− n2r −1
 ct− 2nr + n2 −1 + t− n2 −1 + t− 2nr + n2 −1 + t− n2r −1
 ct− n2r −1.
Observing that n2r + 1 > nr − n2 + 1 for 1 < r < 2, we have
lim
t→∞ t
n
2 (
1
r
− 12 )+ 12
∥∥w(t)∥∥= 0.
The proof of Theorem 4.2 is completed. 
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